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Abstract
For a coaugmented functor J on spaces, we consider J -modules and 0nite J -limits. The former are spaces
X which are retracts of JX via the natural map. The latter are homotopy limits of J -modules arranged in
diagrams whose shape is 0nite dimensional. Familiar examples are generalised Eilenberg MacLane spaces,
which are the SP∞-modules. Finite SP∞-limits are nilpotent spaces with a very strong 0niteness property.
We show that the cofacial Bous0eld–Kan construction of the functors Jn is universal for 0nite J -limits in the
sense that every map X → Y where Y is a 0nite J -limit, factors through such natural map X → JnX , for
some n¡∞. ? 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction
1.1. Given a coaugmented functor J on spaces; namely one with a natural transformation Id → J ;
we de0ne J -modules as those spaces X which are (homotopy) retracts of JX via the augmentation
map. Motivating examples are abelian Eilenberg MacLane spaces which are SP∞-modules.
The functor J is used, as usual, to construct cofacial cosimplicial resolutions (namely ones without
codegeneracy maps) denoted by J· X . For every space X , we de0ne Jn(X ) = holim J·6nX , where
J·6nX is the truncation of J· X in codimension n. Evidently, Jn is itself a coaugmented functor, and
generalises the Totn construction of Bous0eld and Kan [2].
In this paper, we reveal the role of the space JnX as a universal space (in a weak sense) for
X with respect to maps into spaces which are constructed from J -modules. The 0rst result in this
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direction was suggested by Emmanuel Farjoun and proven by Bill Dwyer. We refer the reader to
[10] for more details. It shows that the 0bre between two J -modules is not “too wild”, and is
controlled by J1. It requires the somewhat technical (and mild) assumption that J is a simplicial
functor (to be de0ned below).
Theorem. Let X be the /bre of a map f :M → N of J -modules. Then X is a retract of
J1X = holim{JX −−−→−−− J 2X }.
For example, the 0bre F between two abelian Eilenberg MacLane spaces is, in general, not a
topological abelian group, and hence, has no chance of being a retract of SP∞. However, it is a
retract of SP∞1 (F).
In this paper we propose a generalisation of this theorem. A J -limit of rank n is a space which
is homotopy equivalent to a homotopy limit of J -modules arranged in a diagram whose shape has
dimension n. When J is a simplicial functor (see De0nition 3.2), we prove that (Theorem 4.7).
Theorem. Every J -limit of rank n is a Jn-module. In particular; every map from a space X into a
J -limit of rank n factors through X → JnX .
Our results also enable us to prove
Theorem. If X is a J -module; then the tower map X → {JnX }n¿0 is a pro-equivalence in the
homotopy category of spaces.
This is stronger than the statements in [2, II.2.7, III.5.3]. However, a corresponding statement for
0nite J -limits is beyond our reach at the moment.
1.2. Organisation of the paper: This paper is written simplicially; and results apply to both the
pointed and unpointed categories. It may; and should be; viewed as an introductory part for the
results obtained in [10].
In the appendix we give an outline of the proof of a special case of Theorem 3.2 from [10], which
is of fundamental importance to this paper. This special case has a very combinatorial Javour.
Section 2 contains the de0nitions and some facts about cofacial resolutions. Coaugmented functors
are the standard source of cofacial resolutions. The concept of J -module is de0ned and is shown to
be a source of trivial cofacial resolutions, namely ones with left contractions.
In Section 3, we de0ne and explore simplicial coaugmented functors and point out a crucial
comparison map, where X is a D-diagram,
Jn holimDX → holimD JnX;
namely commutation of Jn and holimD (3.5).
In Section 4, we deduce our main theorem (Theorems 4.4 and 4.7) using the machinery developed
in the previous sections and [10].
Section 5 is dedicated to de0ne generalised Eilenberg MacLane spaces (GEMs) and thin-polyGEMs
with respect to generalised homology theories. We then investigate some consequences of the main
theorem regarding the unstable Adams spectral sequence of these spaces.
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2. Cofacial n-resolutions
2.1. Summary: We de0ne 0nite cofacial resolutions of diagrams (De0nitions 2.3 and 2.4). Left
contractions render such resolutions trivial (2.10). We show that given a coaugmented functor J ; a
J -module is a standard source for a termwise trivial resolution (2.15).
2.2. For a nonnegative integer; we let [n] denote the set {0; : : : ; n} with the usual linear order. By
convention; [− 1] stands for the empty set.
We let 6n stand for the category whose set of objects consists of
{[k]: 06 k ¡n+ 1}
and whose morphisms are the strictly monotone functions. Letting di : [k] → [k + 1] stand for the
standard inclusions (06 i6 k+1), it is easy to see that n is the category generated by the objects
[0]; : : : ; [n], and the morphisms di, subject to the (cosimplicial) relations
didj = djdi−1; i ¿ j: (2.2.1)
One can “enrich” 6n by adding the empty set to it, denoting the new category 6n+ . Clearly
[ − 1] = ∅ is the initial object in this category. We let [ − 1] d0→[0] denote the unique morphism. It
is easy to check that the cosimplicial identities (2.2.1) still hold.
2.3. Denition. Let C be any category (e.g. Spc and its functor categories). An object in C
6n
is
called an n-cofacial object.
2.4. Denition. An object X of C is said to be augmented by a reduced n-cosimplicial object
Y ∈Cn ; if there is a map X d0→Y (0) in C such that d0d0 =d1d0. Alternatively; these data amount to
an object Z ∈Cn+ such that X = Z(−1) and Y is the restriction of Z to n. We call Y a cofacial
n-resolution of X .
2.5. Notation. For an unpointed diagram X we denote
Map(X; Y ) =
{
hom(X; Y ); Spc =S;
hom∗(X+; Y ); Spc =S∗:
(2.5.1)
2.6. Denition. Let En be the n diagram
[0]
0 ;1−−−→−−− [1]
0 ;1 ;2−−−→−−−−−−→[2] · · ·[n]:
Let X · be a cofacial resolution. For every n; denote by X ·6n the restriction of X · to n; namely
the truncation of X · at codimension n. Then de0ne
Totn X · =Map(En; X · ) =Map(sknE; X · );
where skn is the simplicial n-skeleton.
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2.7. It is easy to verify that En de0ned above is a free diagram; therefore (cf. [4])
Totn X · 	 holim X · 6n
whenever the latter n-cofacial space is (termwise) 0brant.
2.8. Let P be a small category and X−1 → X · a cofacial n-resolution of P-diagrams. Then
holimP X−1 → holimP X ·
is a cofacial n-resolution of spaces; and hence there is an obvious natural map
holimP X−1 → Totn holimP X · : (2.8.1)
2.9. Denition. A cofacial n-resolution in a category C; namely an object X of C
n
+ ; is said to admit
a left contraction (cf. [9]) if there are maps
X (k)s
−1→ X (k − 1) (06 k ¡n+ 1);
subject to the relations
s−1d0 = id;
and
s−1di = di−1s−1; i ¿ 0:
2.10. Let P be a small category. Suppose that we are given a cofacial n-resolution of X ∈CP;
namely an object X · ∈CP×n+. We say that the resolution is termwise trivial; if for every p∈P; the
resolution X−1(p)→ X · ¿0(p) admits a left contraction.
We emphasise the fact that the left contractions are chosen termwise and are not compatible
with each other. Namely, a morphism p
f→q in P induces a map of reduced n-cosimplicial objects
X · (p) f→X · (q) which need not be compatible with the left contractions chosen for X · (p) and
X · (q).
2.11. We quote from [10; Theorem 3.2] the fundamental lemma about termwise trivial cofacial
resolutions. A proof of a special case of this theorem is sketched in the appendix. In this special
case; the proof has a combinatorial Javour; which sheds much light on the proof of the general case
in [10].
Theorem. Let P be a small category and let X−1 → X · be a termwise trivial cofacial resolution
of P-diagrams. Then
(a) If dim P6 n and X−1 is /brant then
holimP X−1
d1→Totn holimP X ·
admits a natural left inverse in ho(Spc). In particular; holimP X−1 is; up to homotopy; a retract
of Totn holimP X · .
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(b) If X−1 and X · are /brant and dim P¡∞ then the tower map
{holimP X−1} d
1→{Totn holimPX · }n¿dim P
or equivalently;
{holimP X−1} d
1→{holim X ·6n}n¿dim P
is a pro-equivalence in ho(Spc).
2.12. Recall that a functor J : Spc→ Spc is called coaugmented if it comes with a natural transforma-
tion a : Id → J . In the same way that triples are the source of cosimplicial resolution; coaugmented
functors are the source for cofacial resolutions.
2.13. Denition. Given a diagram X ∈ SpcP; one constructs the cofacial resolution X → J· X in the
usual way. That is; we de0ne the n+-diagram J
·
+ X by
(J·+ X )k = J k+1X (−16 k ¡n+ 1)
and (J·+ X )k−1
di→(J·+ X )k are given by
J kX
Jk−iaJ iX→ J k+1X:
The resolution J· X is the restriction of J·+ X to .
2.14. Denition. A space X is a J -module; if there exists a (non-natural) map JX s→X which is a
left inverse to the (natural) map X → JX .
2.15. If X is a P-diagram as in De0nition 2.13 and X (p) are all J -modules; then J·+ X is termwise
trivial (2.10). The trivialisations are given by s−1(p) = J ks(p); where k¿ 0 and s(p) is the
(non-natural) left inverse to X (p)→ JX (p).
2.16. Corollary. Let J be a coaugmented functor and let X be a P-diagram of /brant J -modules.
Then the natural map
holimP X
d0→Totn holimP J· X = holimP JnX
admits a natural left inverse in ho(Spc); provided that n¿ dim P.
Proof. Immediate from 2.11 and 2.15.
3. Simplicial functors
3.1. Summary: We de0ne simplicial coaugmented functors (De0nitions 3.2–3.4) and show that if J
is one; then there is a natural reduced cosimplicial map (Proposition 3.5)
J·6n homP(A; X )→ hom(A; J·6nX )
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for every P-diagrams A and X . In particular; there is a natural comparison map
Jn holimP X → holimP JnX:
3.2. Denition. Let (C;⊗; hom) be a closed symmetric monoidal category (cf. [11; Chapter VII.7])
which is complete and cocomplete; and let J :C → C be a functor. We say that J is simplicial if
there exists a map;
A;X :A⊗ JX → J (A⊗ X )
which is natural in A and X . That is; B;Y ◦ (f ⊗ Jg) = J (f ⊗ g) ◦ A;X for any maps A f→B and
X
g→Y . A natural transformation of simplicial functors t : J → K is one which satis0es tA⊗X ◦JA;X =
KA;X ◦ (1A ⊗ tX ):
Observe that the identity functor is simplicial. A coaugmented functor J will be called simplicial
if the natural transformation a : Id → J is a natural transformation of simplicial functors.
3.3. Examples.
(a) Let F :Sets → Sets be a coaugmented functor. Then F; applied dimensionwise; gives rise
to a functor F :S → S. It is easy to check that F is a coaugmented simplicial functor in
(S;×; hom) because for sets S and T there is a natural map S×T ∼=∐s∈S T . Therefore; given
a unitary ring R; the coaugmented functor R⊗− of [2] is simplicial.
(b) Given a unitary ring R; it is not diMcult to check that the coaugmented functor R :S∗ → S∗
de0ned in [2] is simplicial in (S∗;∧; hom∗).
(c) Let E be a unitary ring spectrum. Then E gives rise to a functor E :S∗ →S∗
E(X ) = hocolimn %n(En ∧ X ) = %∞(E ∧ &∞X ):
Then E is easily checked to be simplicial in (S∗;∧; hom∗). Compare [1; Section 2].
3.4. Given a coaugmented functor a : Id → J in a category C as above; it is an easy exercise in
adjunction to verify that  (De0nition 3.2) gives rise to a map
J hom(A; X )
'A;X→ hom(A; JX )
natural in A and X ; such that the composition
hom(A; X ) a→ J hom(A; X ) '→ hom(A; JX )
is the same as the map hom(A; aX ).
It is not diMcult to check that
3.5. Proposition. Given a coaugmented simplicial functor (J; a; ) and diagrams A; X in SpcD;
then the maps
n−1 :A⊗ J nX Jn−1···J·−−−−−−−→ J n(A⊗ X )
induce a map of augmented cofacial spaces
· :A⊗ J· X → J· (A⊗ X ):
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The compositions
'n−1 : J n hom(A; X )'·J'···J
n−1'−−−−−−−→ hom(A; J nX )
induce a map of augmented cofacial spaces
'· : J· hom(A; X )→ hom(A; J· X ):
Proof. Using the naturality of  and 3.4; one easily veri0es that din = n+1di. The map '· is
the adjoint of · .
4. Universal nite J -limits
4.1. Summary: In this section we prove the main result of this paper. That is; homotopy limits of
J -modules are themselves Jn modules for suitable functors Jn (Theorem 4.7); which are the standard
Totn constructions of the J -resolution of a space (De0nition 4.2).
The idea of the proof is to consider the composition (summary 3.1, Proposition 3.5)
holim X → Jn holim X → holim JnX (4.1.1)
and then use Corollary 2.16 to conclude that holim X is a retract of holim JnX , and hence of
Jn holim X .
4.2. Denition. Let J be a coaugmented functor on spaces. Given a space X ; we de0ne
(De0nition 2.6)
JnX = Totn J· X:
Observe that though well de0ned; this is homotopically meaningful only if J take 0brant spaces as
values.
4.3. Proposition. Let J be a simplicial coaugmented functor on spaces and let P be a small cate-
gory. There exists a map; natural in X ∈ SpcP;
' : Jn holimP X → Totn holimP J· X:
Moreover; the composition
holimP X
a→ Jn holimP X '→Totn holimP J· X
coincides with the map of (2.8.1).
Proof. This follows from Proposition 3.5 and inspection of (2.8.1).
4.4. Theorem. Let J be a coaugmented simplicial functor on Spc. Suppose that X ∈ SpcP is a
diagram of /brant J -modules and that n¿ dim P. Then
holimP X → Jn holimP X
admits a left homotopy inverse which is natural in ho(Spc) both in n and in the J -module structure
of the spaces X (p).
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Proof. This is immediate from Proposition 4.3 and Corollary 2.16.
We are led to the following terminology.
Denition 4.5. Let J be a coaugmented functor. A space X is called a (0nite) J -limit of rank n; if
it is the homotopy limit of a diagram Y ∈SpcP such that
(a) dim P6 n and
(b) Y (p) are 0brant J -modules for all p∈P.
4.6 Remark. One would like to weaken the requirements from a J -module and de0ne it as a space
such that X a→JX admits a left homotopy inverse (rather than a strict one). This is immaterial because
J can be replaced by another coaugmented functor J ′ which is naturally homotopy equivalent to J
such that the augmentation map X a
′→J ′X is a co0bration; using the standard cylinder construction.
J ′(X ) = Sing|(X × [1]) ∪a JX |:
Then it is not hard to check that J ′ is simplicial; and that a 0brant space is a homotopy J ′-module
if and only if it is a strict J ′-module.
Using the above de0nitions, one would like to reformulate Theorem 4.4 in the following suggestive
form.
4.7. Theorem. Suppose that J is a simplicial coaugmented functor. Then every J -limit of rank n
is a Jn-module. In other words; if X is a J -limit of rank n; then up to homotopy; X is a retract
of JnX .
Another consequence of 2.11 is the following theorem (compare [2, II.2.7 and III.5.3]).
4.8. Theorem. Let J be as above and X be a J -module. Then the tower map {X } → {JnX }n¿0 is
a pro-equivalence in Ho(Spc).
Proof. This is immediate from [10; Theorem 3.2(b)] applied to P = ∗.
5. Thin-polyGEMs and the unstable Adams spectral sequence
5.1. Throughout this section; we shall assume that the functor J is one which is associated with a
unitary ring spectrum U as described in Example 3.3(c).
5.2. U-GEMs: Recall that a GEM is a space which is homotopy equivalent to a (weak) product of
abelian Eilenberg MacLane spaces. It is a theorem of J. Moore that a space X is a GEM if and only
if it is a (homotopy) retract of SP∞X (or of ZX in the simplicial setting). Recall from [5] that an
oriented polyGEM is a space in a tower of principal 0brations; all of whose 0bres are GEMs. That
is; every space in the tower is obtained from its former as the homotopy 0bre of some map from
the latter space into a GEM. These spaces appear naturally as “error terms” in localisations of 0bre
sequences (see [7]).
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These notions were generalised in [6] as follows. Given a unitary ring spectrum U, we de0ne
a U-GEM as the 0th space in an %-spectrum which is a U-module. Observe that U-GEMs are
U -modules, where U is de0ned in Example 3.3(c).
The de0nition of polyGEMs (with respect to U) is similar to the de0nition cited above with
the requirement that the 0bres are U-GEMs rather than ordinary GEMs. Throughout this section,
whenever the words GEM or polyGEM are referred to, it is understood that these are relative to a
unitary ring spectrum U.
5.3. Denition. A space X is called a thin-polyGEM of rank n with respect to U; if it is homotopy
equivalent to a homotopy limit of a pointed diagram of U-GEMs; whose shape has dimension 6 n.
5.4. Proposition. Thin polyGEMs are polyGEMs.
Proof. Given a simplicial set X ; we let X [n] denote its n-skeleton; Xn denote the set of n-simplices;
and XNDn denote the set of nondegenerate n-simplices of X . If u is an n-simplex of X ; we denote
by [u] ⊂ X [n]; the subspace generated by u.
Suppose that I is a small 0nite-dimensional category. Then I is also direct with a height function
| − | : I → Ord,
|i|= dimNerve(I=i):
Let EI be the canonical (and in fact, any) free I -diagram of contractible spaces. Let S denote a set
of generators for EI .
We let EI [n] denote the simplicial n-skeleton of EI . It is not hard to see that EI [n] is freely
generated by S ∩EI [n]. Moreover, the inclusion maps EI [n] ,→ EI [n+1] are free maps (see [8]), hence
co0brations. Clearly EI [n] = EI if n¿ dim I .
Let X be an I -diagram of U-GEMs. We shall show that hom(EI [n]; X ) are U -polyGEMs for all
n, hence holimI X is one. Clearly
hom(EI [0]; X ) =
∏
S∩EI(i)0
X (i)
is a U-GEM, being a product of such spaces. Proceed by induction using the pullback square in
which all arrows are induced by restriction
(5.4.1)
Observe that the right arrow is a 0bration being a product of ones. This shows that (5.4.1) is a
homotopy pullback square. Since the X (i)’s are (in0nite) loop spaces, then res is a loop map, hence
a principal 0bration whose 0bre is∏
u∈S∩EI(i)NDn+1
hom
(
[u]
[u][n]
; X (i)
)
:
564 A. Libman / Topology 42 (2003) 555–568
This is, in turn, a U-GEM because it is a U-module, due to the fact that U is simplicial, and is an
%∞-space since all the X (i)’s are. Since (5.4.1) is a homotopy pullback square, the inductive step
is complete exploiting the left arrow.
5.5. Examples: There are several obvious examples of thin-polyGEMs.
(a) All polyGEMs of rank 1; i.e. spaces which are 0bres of maps between GEMs.
(b) For every space X ; the spaces UnX are thin-polyGEMs. In particular; UnX is a retract of U 2n X .
(c) For an odd prime p; it follows from [12; p. 207; 210] that BUHZ=p is a KZˆp-GEM; hence
im J (p) is a thin-KZˆp-polyGEM.
5.6. The unstable Adams spectral sequence: It is possible to construct an unstable Adams spectral
sequence using the functors Un. That is; given a space X ; it is easy to see that the restriction maps
UnX → Un−1X are 0brations; and therefore the tower {UnX } gives rise to a spectral sequence (cf.
[2; Ch. IX]).
5.7. Comparison with the classical BKSS: When U is a triple; then the classical Tot construction
of [2] gives rise to functors which we denote here by UBKn . There is an obvious restriction map
UBKn → Un which is generally not a homotopy equivalence. Nevertheless; for every space X ; the
tower map {UBKn X } → {UnX } induces a map of spectral sequences; which coincides starting from
the E2-page. This is easily seen; when one observes that the E1-page of the cosimplicial construction
{UBKn X } is precisely the normalised cochain complex of the cofacial one {UnX } [2; p. 281]. It
follows that the E2-pages coincide.
5.8. As a simple application of the main result; consider spaces which are thin-polyGEMs of rank 1;
that is; homotopy limits of U -modules arranged in a one-dimensional pointed diagram. For example;
consider im J .
Given a space X , let HX be the 0bre of the Hurewicz map X → UX (see [3, p. 83] or [1, p.
231]). If X is a thin-U -polyGEM of rank 1, then we show that the U -based UASS of X dominates
the Hurewicz map HX → X . More accurately, consider the tower maps
where the maps s are retractions. Consider the homotopy spectral sequences of these towers (see [2,
p. 258]. Take homotopy 0bres instead of honest 0bres.) The upper and lower towers give rise to a
homotopy spectral sequence map
E2s; t =


UtX; s= 0
.t−1HX; s= 1
0; otherwise
→ E2s; t =
{
.t−1X; s= 1;
0; otherwise:
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The map between the Er-pages of these spectral sequences is induced by the map HX → X , and
factors through the U -based UASS of X , which is induced, by de0nition, by the middle tower.
So the Hurewicz map is dominated by the Ers=1; t terms of the U -based unstable Adams spectral
sequence of X .
Acknowledgements
I would like to thank Emmanuel Farjoun for his help in many discussions, inspiring ideas and
encouragement. I would also like to thank Bill Dwyer for his proof of a very special case of the
main theorem which he communicated to us. The referee should also to be mentioned for very
valuable suggestions.
I am indebted to the Yeshinski memorial fund for being awarded the prize named after Giora
Yeshinski.
Appendix
6.1. We sketch a proof of the key Lemma 2.11 when P=2 and hint on the case P=n. In these
special cases; the proof has; as its main ingredient; a subdivision of the n-simplex into prisms. It
sheds light on the complicated construction in [10]. These prisms correspond to the generators of
the categories Lp;m;n in [10; Section 7] which are of fundamental importance. Throughout; we shall
work topologically. So; [n] stands for the standard geometric n-simplex; etc. The coface maps are
denoted by i.
6.2. We start with the data of a termwise trivial cofacial 2-resolution of a 2-cofacial space X−1.
That is; we are given a diagram
(6.2.1)
with all horizontal arrows pointing to the right are denoted by di; all (curly) arrows pointing left
are denoted by s; and all vertical arrows are denoted by @i. These morphisms are subject to the
relations
@i@j = @j@i−1 (i¿ j);
@idj = dj@i;
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didj = djdi−1 (i¿ j);
sd0 = id;
sdi = di−1s (i¿ 0):
There is a natural map
Mapi¿0(E
2(i); X i;−1)→Tot2 Map(E2(i); X i; · )
= Mapi; j¿0 ([i]× [j]; X i; j):
We wish to construct a natural map in the opposite direction
Mapi; j¿0([i]× [j]; X i; j)&2→Mapi¿0(E2(i); X i;−1): (6.2.2)
Let 3= {3i; j}2i; j=0 be an element in the space on the left of (6.2.2); namely a compatible set of four
maps
3i; j :[i]× [j]→ X i;j:
We now show how to construct 4 = {4k}2k=0 which is an element in the spaces on the right of
(6.2.2) and corresponds to &2(3).
By identifying [0]× [0] with [0], de0ne
40 = s30;0 :[0]× [0]→ X 0;−1: (6.2.3)
To de0ne 41 we exploit all the “one-dimensional data” at hand. De0ne
51;0 = s31;0 :[1]× [0]→ X 1;−1;
50;1i = s
is30;1 :[0]× [1]→ X 1;−1; 06 i6 1: (6.2.4)
Now, 41 is de0ned using a subdivision of [1] and the paths in (6.2.4) as follows:
(6.2.5)
Indeed, it is easy to check that 50;11 (1) = 5
1;0(0) because
50;11 (1) = 5
0;1
1 
0 = s1s30;1(1× 0) = s1sd030;0 = s130;0
and
51;0(0) = s31;0(1 × 1) = s130;0:
Similarly 50;10 (1) = 5
1;0(1), hence 41 is well de0ned. Similar computations show that
41i = i40; i = 0; 1: (6.2.6)
Therefore, {40; 41} is a 1-diagram map E1 → X · ;−1, where · 6 1.
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To construct 42 we use the two-dimensional data as follows. De0ne
52;0 :[2]× [0]→ X 2; 52;0 = s32;0;
51;1i2 :[1]× [1]→ X 2; 51;1i2 = si2s31;1; 06 i26 2;
50;2i2 ;i1 :[0]× [2]→ X 2; 50;2i2 ;i1 = si2si1s30;2; 06 i16 1; 06 i26 2 (6.2.7)
It is an exhausting, yet amusing and instructive exercise to verify that these maps glue nicely together
in the following subdivision of [2] to yield a well-de0ned map 42 which has @i41 on its boundary.
(6.2.8)
It is evident, but requires some eSort, to verify that this construction gives rise to a continuous map
(6.2.2). The composition
Map(E2(i); X i;−1) d
1→Map(E2(i)× E2(j); X i; j) &2→Map(E2(i); X i;−1)
is easily seen to be induced by (see (6.2.5) and (6.2.8))
[k]subdivided → [k] (k = 0; 1; 2)
which map the innermost k-simplex in the subdivision homeomorphically onto the target [k]. It is
then, not hard to construct a homotopy to the identity.
6.3. Proceeding to the general case P=n; one is able to subdivide the m-simplex into (m+1)!=(k+
1)! prisms of the form [k]× [m− k] indexed by the “strings”
sims : : : sik+1s; 06 ij6 j (6.3.1)
and assign to each such prism the map (compare (6.2.1))
sims : : : sik+1s3k;m−k :[k]× [m− k]→ Xm;−1 (6.3.2)
and construct 4m by glueing these maps. The hard part is in constructing the subdivision in such a
way that keeps track of the orientations of the prisms so that one can say how to glue the maps in
(6.3.2).
6.4. To circumvent the task of subdividing of the n-simplices; one observes that the role of E2 is
con0ned to be a diagram which is suitable for computing homotopy limits. We thus are content in
replacing the target of (6.2.2) with Map(F; X · ;−1); where F is a convenient free and contractible
diagram (diSerent from E2).
The second observation is that the maps in (6.2.7) correspond to morphisms in a more-or-less
obvious comma category (C ↓ xm;−1) where C is the category underlying diagram (6.2.1). These
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observations are the key for the proof of the result for a general direct category P carried out in
[10].
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